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Po306ip 3apayvi «Tpyoun»

1. ObmexeHHST JAHOTO OJIOKY JIO3BOJISIITH MPOCTO PEKYPCUBHO MepebpaTh BCi MOYKINBI TTOBOPOTH BCiX
TPyO, Mic/isi YOro NepeBipuTH CUCTEMY Ha 3aMKHYTiCTb. st onrrumizariii nepebopy MOYKHA BUKOPH-
craTu To# dakT, o I KyTOBOI TPpyOu € 4 BapiaHTH MOBOPOTY, a JJIsT MIPSAMOI - BCOTO 2, ajie HaBiTh
6e3 HUX MOXKHA OyJ10 HaOpaTu MOBHMIT HaJs1 3a OJIOK.

477//71

Ckuagaicts: O(4™"nm).

2. Moxkna 3ayBaxkaTu, IO JIJI YTBOPEHHs 3aMKHYTOI cucTeMu TPyd morpibui minimym 4 KyToBi Tpy-
6u. OTke, B jaHOMY OJIOI BiAIIOBi/Ib iCHYE, SIKINO € PiBHO 4 KyToBi TpyOu. OUeBHIHO, SIKIIO TaKa
3aMKHYTa CHCTeMa iCHy€, TO BOHA MaTuMe (pOpMYy HIPAMOKYTHUKA, 1 TO/I 3a/1a1a 3BOJUTHCS /10 3HA-
XOJizKeHH 4 KyTiB IPSIMOKYTHUKA, IIEPEBIPKU TOTO, UM 3'€/IHYIOTHCS BOHU MPAMUMU Tpydamu, i au
€ Ha MOJI AKIiCh 3aifBl TpyOH, IO HE BXOIATH JO MPIMOKYTHUKA.

Cxumaaicts: O(nm).

3. OCKUIbKH KUIBKICTb KyTiB HE IIEPEBUIILYE 8, TO MU MOXKEMO I1epedpaTu BCi MOYKJIUBI IOBOPOTU CaMe
JUTs KyTOBUX jeraseil. Tomi, 1yist KovKHOTO CTaHy KyTOBHX TPYO, MU 3MOXKeMO abo BitHOBUTH Dirypy,
abo cKazarh, 10 Take HeMOXKJINBO. JJIst 1IbOro moTpiOHO KOXKHY MPAMY TPyOy IMOBEPHYTH TakK, 100
onuH 3 11 KiHIiB OyB IpUEIHAHUM JI0 KyTOBOI TpyOu abo 10 TpyOu, Jjs sKOI TIOBOPOT BKE BiIOMUIL.
3ayBakKnuMo, M0 HAKIIO Ile POOUTHU 3a JOMOMOIOI0 IPOXO/Y II0 BCHOMY IIOJIIO, TO Balll PO3B’A30K HE
BKJIaJIeThbCsl B obMmexkenHs 1o 4acy. 11lo6 1e BumpasuTu, norpibro podbutu mpodir TiMbKH MO THX
dbparmenTax, e y Bac 3HAXOAATHCS caMe IpsiMi TpyOwH, sIKIIO BiANOBiAbL icHye, To ix Oyme O(n + m)
MITYK.

Cxuaaaicts: O(4(n +m)), 1e ¢ — KiIbKICTh KyTOBUX TPYO.

4. fdxmo B npoMy OJIOII BIAIOBIAL iCHYe, TO € PiBHO TPH BapiaHTH TOTO, IO MOXKE 3HAXOIUTHCH B
PSILIKY:
e 00mmBa pparMeHTH He MIiCTATH TPYyO;
e 00uBa pparMeHTH MIiCTITh IPsAMi TpyOH;

e 00mmBa pparMeHTH MiCTITh KyTOBI TPyOH.

B npyromy Bunajiky Tpybu HOBUHHI OyTH IOBEPHYTI BEPTUKAJIBHO, & B TPETbOMY BOHU MAalOTh OYTH
3’ennani Mik co0010, a Ti KiHII, 0 3aJUNIMINCH, MAIOTh 00UIBa OyTU IMOBEPHYTI Bropy abo BHU3,
3aJIe’KHO BiJl TOTO, UM € B MONEPEIHBOMY PSIIKY BiIKPUTI KiHII TpyO, HaIpaBJ/eHI JTOHUIY, IU Hi.
Aximo Ha AKOMYCh eTalli HEMOXKJIMBO 3aKPUTH BIAKPUTI KiHI TpyO B MOMEPEIHBOMY PAIAKY abo
B OCTaHHBOMY PSJIKY 3aJUNIINCh BIIKPUTI KiHIi TPyO, TO TOMI 3aMKHYTOI CHCTEMHU HE iCHYE, B
MPOTUIEXKHOMY BUITAJKY BOHA BXKe IOOYIOBAHA.

Ckuaaicts: O(nm).

5. B 1mpomy 6JI0T1 SIKITO BiJIIIOBIIb iCHYE, TO PO3B’SI30K CKJIAJAETHCS 3 IPSIMOKYTHUKIB, PO3TAIIOBAHUX
meBHUM 9uHOM Ha moJti. OTKe, MOXKHA, B3ATH PO3B 30K 2 OJIOKY, aJaMTyBaBIIN HOTO TAKUM THHOM,
100 BiH PO3IJISIIAB OJIHY KJITUHKY PIBHO OJIMH pPa3, i OTpUMAaEMO PO3B 30K M€l 1i3a/1a4i 3 JIHIHHOIO
CKJIQJTHICTIO.

Cxuazanicts: O(nm).

6. IIpobizkmMOCh MO BCIX PsIAKAX, MICIIsT TOT0 MI71sT KOKHOTO CTOBITIMKA ITepedbepeMo BCi MOKJINBI BapiaH-
TH OBOPOTIB TPY6 y HbOMY, 1 0bepeMo Takuil, ssKuii He 3ajuImaruMe BIAKpUTHX TpyO (OKpiM, MOXKIIH-
BO, TPyO, HalIpaBJIeHNX BHU3). ZIKI0 TaKMX BapiaHTIB HEMAa€, UM HAIPUKIHII 3aJIUITHINCH BLAKPUTI
Tpybu, TO BiANOBIII He iCHye, B MPOTUJIE’KHOMY BOHA ITOOYIOBAHA.

Cxuaaaicts: O(4™n).

7. Ueit 6si0k Tpu3HAYEHUiT 111 pO3B’sI3KiB, siKi IPABUJIbHI, ajie HAIIUCAHI HEOIITUMAJILHO, 1€ MOXKe Oy TH

posB’a30K 3 ckaamnicrio O(nm?), O(n?m) 4am skwmiich opuTiHATLHUI DPO3B’SA3KH, He TepeabatueHi

aBTOPOM.
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8. laBafiTe POXOJAUTUCH IO IIOJIIO, HOYUHAIOYN 3 IIEPIIOr0 PsAJKA, ITEPYIOUUCH MO0 KOKHOMY PSJIKY
3jiBa HampaBo. Toji sKIO Ha KOXKHIM iTeparllil /ijisi 4€proBoi KJITHHKU MU 3HAEMO 1H(MOPMAILIO
PO iICHYBaHHS BiJKPUTOTO KiHI[s TPyOHW MPaBOpyY Ta BUIME Bij Hel, TO MU 3MOXKEMO OIHO3HAYIHO
JIBHATUCH TIOBOPOT JiIst i€l TpyOu, abo BU3HAUWTH, IO Takoro e icuye. s kmitunku (1, 1) ns
indopwmariis Bimoma, oTKe, 3a MaT. IHAYKITEO 115 indopmaltis Oy1e BiToMOIO /st BCiX KIITHHOK TIep-
moro psijika. OTxKe, 3a IHIYKIIE, MI 3MOYXKEMO TaK 3pO0OUTH Juisi BCix psiikiB. JloaTkoBo nmoTpibHo
BpaxyBaTH Te, IO OCTAHHIN PAIOK HE Ma€ MICTUTH TPYO, y IKUX € BIIKPUTI KiHIl, HAIIPABJICH]I BHUAS.

Ckuaznicts: O(nm).

Po30ip 3apayvi «Kosak Byc Ta uykepku»

[Teprm 3a Bce, BiICOPTYyEMO MACUB IO3UIIIH, B SIKUX JIEXKATH I[yKEPKH.

dAximo n = 1, To MU 3aBXKIM MOXKEMO IiIibpaTh 110 €IUHY IIYKepKY, 1 Biamosias 1.

Aximo n = 2, To Mu MO2KeMO MigibpaTu 2 IyKepKHU JIUIIIE TO/Ii, KOJIU BOHU He cycimui. AKImo K mykepKu
cycinai, To Bignosias 1. Takum ynnom mu Bupimmuiu Biok 1.

dxmo n = 3, To BiAMOBIAL - mpWHANMHI 2, ajxKe MU 3aBXKIU 3MOXKEMO IimibpaTn mpuHAMHI mep-
Iy Ta OCTaHHIO IyKepKy. llomumBuMoch, 3a KOl yMOBM MU MOXKEMO HifibpaTu Bci 3 IyKEPKU: Mae-

mo matu (ag — ay):w, (ag — ag):x ana gesxoro x > 1. Taxe z sHaiieTbcst TOmi i Jmime Toi, KO/
HCD(as — a1,a3 — ag) > 1. B npomy Bunajxy signosinp 3, imaxiie - 2. Takum 9MHOM MU BUPINIHIN
Baok 2.

IlepeBenemo Temep 3a7atdy HA MAaTEMATUIHY MOBY.

st 3a1aHOTO MACUBY YHCeJ TOTPIOHO 3HANTH, MJIsI SIKO1 HaMOIIBIIOT KIJIBKOCTI YKrces 3 HbOTO iCHY€
HaTypajbHe T > 1, IpW JiJIeHH] Ha gKe BCl BOHU JAIOTh OJHAKOBI OCTAMI.

[TomuBuMoOCh, 9K MOXKHA BUPIMUATHU 337ady s ganoro x. lle moxkwna 3pobutu 3a nlogn, gxino 3a-
MIHATH KOYKHE YHCJI0 B MaCHUBI Ha MOro ocTady 3a MOJIYJIEM &, BIJICOPTYBATH, 1 3HAUTH HANTIOMIUPEHIITY
ocTavdy JBOMa BKA31BHUKAMU IIPOXOJIOM II0 MACHUBY.

[Tomitumo, 110 B SKOCTI & JOIIJIBHO PO3IVIANATU JIUIIE YUCIA, 10 HE IIEPEBUIILYIOTh MAKCUMAJbHO-
ro 3 a;. TakuMm umHOM MU MOKeMO BupimuTH BJjok 3, BupimmBImM 3a1ady OKpPeMO IJIsi KOXKHOTO T 3
2<x < 1027 1 B3ABIIM MaKCUMYM IO ITUM 3HAYEHHSIM.

Hnst Baoky 4 momiTuMo, 110 MU MOYKEMO TepebupaTy JIUIIE MPOCTi 3HaYeHHs & (CIpaB/Ii, sSIKIIO JesiKi
qucJia JaloTh OJHAKOBI OCTavi IIpH JiJIEHH] Ha JiesiKe CKJIQJIeHe YUCJI0 Pg, TO BOHU JIAIOTh OJITHAKOBI ocTadi i
npu Aisenni ua p, i npu ginenni na q). Jo 10* € mopsaaky 103 mpocrux umcen - acummnrornka O(103n log n)
3aXO/IUTD.

Tenep momiTMoO, mo mpu 2 = 2 BiANOBiAL rapanToBano Oyae He Menmoo 3a |4 |. Takum unmoM, B
AKOCTI & HaM IOTPIOHO IIepeBipUTHU JIUIIE IPOCTi P, BiANOBIAL JJisT AKUX MOXKe OyTH O1IBIIOI0 3a [%]

[IpumycTmo, 1o i JeaKoro p # 2 € NPHHaMHI § 9HCe, IO JaloTh IPH JiTeHH Ha P OJHAKOBY
ocTayy.

s BJoKy 5 Ternep MOXKeMO CKOPUCTATUCh HACTYITHOIO XUTPICTIO: 38 TAKOI YMOBH MA€ CIIPABJIXKYBa-
THCD @y = a1+ p(5 — 1) = p(5 — 1). Taxum umnoM, Mu Mozkemo BupimmTa 3aja4y 3a O(n log nﬂ'(%)),
qie (n) - KIIbKICTh IPOCTUX YUCEJI, IO HE MEPEBUIYIOTh 7.

Tenep nepeiinemo 10 Baoky 6

[IpumycTumo, 1o I IeaKoro p # 2 € NPHHalMHI § 9HCe, O JaloTh HPH JiTCHHI Ha P OJHAKOBY
ocrady. Hassemo 110 rpyny A. BubepeMo 3 HaImmx n 4uces BUIAJIKOBY Iapy Pi3HUX 4ucesi. IMoBipHiCcTb
TOTO, IO BOHM OOMIBa TIOTpAIWIN B A He MeHITa 3a i. Takum guHOM, HAapa HE MOBHICTIO HOTPAILISE B
A 3 imoBipHicTIO < 3 Bubepemo BumagkoBum wunnom 50 map. IMoBipHicTh TOro, 1Mo KoKHa He MOBHICTIO
norpanmia B A < (%)50 < ﬁ. BiporigaicTs my»ke Maja - MOKHA BBaXKaTH, IO sIKACHh apa MOTPAIUIA B
A T0BHICTIO.

Jlist KOXKHOI Hapu pPO3IJISHEMO BCl IpOCTi MiAbHUKU pizauii umces B napi. O6’eiaHaeMO MHOXKUHU
X IPOCTUX JIBHUKIB 110 BciMm 50 mapam. 3 iMOBipHICTIO > % cepes, HUX OyJie MIyKaHe MPOCTE P.
Tomy mMoxkuHa mepebparu JjuIe TpocTi AIbHUKE 3 1€l MuoKuuu. PakTopusalliio MOXKHA MPOBECTH 34
50/max(a;). 3aaunmmIocs: ONiHUTH KiJBKICTh PI3HUX IPOCTUX JIJIBHUKIB.

dAxmo BCi a; He mepeBUIYyTh A, TO KOXKHa pi3HUIS He nepesuiye A, a orxke mo0yTok 50 pizHUIL
e nepesuiye A50. Tenep 3a/IMNIMIOCH JIi3HATHCH, CKLIBKH MAKCHMYM DIi3HHX IIPOCTHX JILIBHUKIB MOZKE
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Mmarn unciao nopsiaka A0, ITinpaxyHky Ha KoMi'ioTepi mokadyiors, mo mpu A = 107 ne uncio 6yme
nopstaka 180. OTxKe, MU MOXKEMO BHPIIIUTH 3319y JIsi KOXKHOI'O IIPOCTOIO YKMCJIa OKPEMO, OTPUMABIIN

acumuroruky O(504/maz(a;) + 180nlogn).

Po36ip 3apa4i « KonbopoBi KHUrmn>»

Aximo BCi KOJILOPU OJIHAKOBI, TO HEMOXKJIMBO IIOCOPTYBATH, KPIM BUIAJKY, KOJU BCi KHUTU 3pa3y
[IPABUJIBHO CTOST.

[Migzagaga 1. Hapunmock pos3s’sisyBaTu 3ayady 3a 3N omnepariit. 3podumMo (OYHKIO, sKa MiHSIE Mic-
naMu Oy/ib-Ki 2 KHUTU. K0 BOHU PI3HOTO KOJIBOPY, TO IIPOCTO 3a 1 omeparfiio MiHSeMO IX MIiCI[SIMU.
AKi1o oIHAKOBOTO, TO 3poOuMO 3 orepaliil BUKOPUCTOBYIOUH IIle OJIHY KHUTY iHITIOTNO KOJIbOPY, HiK I1i JIBI.
HaJi mpocTo 3/1iBa HAIIPABO BUCTABJISIEMO KHUTU HAa CBOI MiCIIsI.

et poss’sizok MozkHa onTmMizyBaru g0 2N omnepariii. Bymgemo BucTaBasgTh KHATH Ha CBOI MIiCIIst
o 4epsi. Akmo #HaMm moTpibHO MOCTAaBUTH KHUTY HA MICIe, & TaM CTOITh KHHUTrA TAKOro K KOJILOPY, TO
BiZbMEMO KHUTY iHITIOTO KOJILOPY, sIKa ITle He Ha CBOEMY MICII 1 3a JIOITOMOT0I0 Hel ITIOCTaBUMO 3a 2 orepariil
OYATKOBY Ha cBoe€ Micrie. [lorpibuo 106 3aBK M icHyBaJia, KHUTA 1HITIONO KOJIBOPY, KA Ie He Ha CBOEMY
micmi. st nporo obepeMo npaBuIbHII HOPS/IOK, B SKOMY BUCTABJISITH KHUTH Ha CBOI Miciisd. fIk BapianT,
OyeMO CTaBUTH KHUTH Ha, CBOI MICId Tak, mob 3aBXKIU iCHyBaJia Xo4a 6 OfHA KHUTA KOXKHOTO KOJIbOPY
He Ha cBoeMy Mictii. Koy B2Ke KO2KHOTO KOJTbOPY 3aJIUIIATHCS 110 OHOMY, JocTaBuMoO 1X. MoxkuBo i maiti
ONTUMIZYBaTHU Teil PO3B’SI30K.

[ligzamaua 2. Posib’emo mepecraHoBKy Ha Iukjau. Hexait cnouarky € K nukiiiB. 3a OJHY OIEpaIliio
MO2KJTMBO 301JIBITUTH KiJTbKICTh MUKJIIB MakcuMyM Ha 1. Ham norpibHo mocsrTu crany, Koy BCi eJ1leMeHTH
JIEZKATh B OKPEMHUX IUKJIaX. K0 MU MiHSEMO 2 KHUIH, sKi JI€XKATh B OJHOMY ITUKJI, TO IEH ITUKJI
posib’erbest Ha 2. Tomy OyaeMo MiHATH KHUTH TaK, 100 KOXKHOIO pa3y Oparn 2 eJIeMEHTH 3 OJHOIO IIUKJLY
iza N — K omepariiit Buiifile 1oCOPTYBaTH.

[Tlinzamaga 3. Po3ib’emo nmepectanoBku Ha UK. Ko B muki goBxKuHE L € Xo1ua 6 2 pisHi KOIb0pH,
TO #ioro MokHa po3B’s3aTu 3a -1 omnepartito. Po3s’sa3aTn o3Ha"ae MOCTaBUTU BCi KHUTH 3 IHOTO IUKJIY HA
cBol micrg. st mboro Mu 6y/1eMo BECTABJISATH 1O OJHOMY €JIEMEHTY Ha CBOE MICIie 3a OJIHY orepariiio(1e
MOKHA 3pOOUTH, SIKIIO 2 CYCI/HI 110 MUKy KHUTU PI3HOrO KOJIBOPY). Ajie He MOXKHa, MO0 3a/UIIUINCh
KHHUTH TiTBKU OHOTO KOJILOPY, JJIs IIBOTO MOTPIOHO 3adiKCyBaTn MOPSIOK CXOXKUM K B mig3amadi 1.

Tenep 3aUMUINCL IMUKJIN, SKi CKJIAJAIOTHCA TITLKU 3 KHUT OIHAKOBOrO KOJIbopy. Haszsemo Taki
[AKJIA TOTAHUME. 3ayBakUMO, IO SIKINO MIiHSITH MICISIMU 2 €JIEMEHTH 3 Pi3HUX IUKJIB, TO I IUK-
Jin 00’€THYIOTbCsI. 3PO3YMIJIO, M0 KOXKEH IMOTaHWil MUKJ HOTPIOHO CIIoYaTKy O0’€HATH 3 SKUMOCH iH-
muM. [pudgomy KinbKicTh 00’e¢Hanb MOBMHHA OyTH MiHiMajbHa, 00 KUIbKicTh omepariii Oyae pisua N
-KUIbKICTh NUKJB+2*KiabKicTh 06’ eHanb. Mu MoxkeMo 00’eHaTH 2 MOoraHuX IUKJIU PI3HUX KOJIbOPIB i
TO/Ii TIefl IMKJI CTaHe XOpoIuM. ToMy HaM BUTITHO PO3OUTH MOTaHI MUKJIN Ha TUMIIOOLIBIIE TTap, 1€ B KOXK-
Hill mapi nukJn pizaux kosbopiB. Hexait € C; moranmx 1mukJiiB Kosbopy i. Burigao 6parn 2 makcuMasbhi
C; 1 3 BianoBinHux nuKJIiB yrOproBaTu napy. Leit po3s’s30k peasizoByernest 3a O(NlogN).
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