rMABA 3

CNYHYAUHBIE YNCNA

Kaxxabi, KTO NCNONb3YeT apnidMeTrnyeckue
MeTOAbl rEHEePUPOBAHNA CAYyHadAHbIX YUCen,
0e3yCNOBHO, rpeLnT.

— OMOH ®OH HEMMAH (JOHN VON NEUMANN) (1951)

O BEpPOATHOCTU KONb KTO 3a0yAerT,
OOMaHLNKOM BOBEK He Oyaer.

— DXKOH MEN (JOHN GAY) (1727)

LOCTaTOYHO Anb HECKONbKNUX Nyqeit
cBeTa, 4T00bl NOMOYb NIOAAM B COBEPLUEHCTBOBaHNN
ux “CToxacrmyeckux” cnocoOHOCTEH.

— O>XXOH OY3H (JOHN OWEN) (1662)

3.1. BBEOEHUE

YUCNA, KoTOpble BBIOMpAIOTCA Cly4aliHbIM 06pa30oM, HAXONAT MHOXKECTBO IOJE3HBIX
HNPUMEHEHHH.

a) Moderuposarue. Ilpu uCIONB30BAaHMU KOMIIBIOTEPA, /151 MOAGIUPOBAHUSA €CTECTBEH-
HBIX fIBJIEHUI Ci1y4aiiHble YNCiIa HYKHBbI JJ11 TOro, YTOObI CAENATh 3TH MOJEJH MOXOXKHMHU
Ha peajibHble ABJIeHHA. MoJeaupoBaHie NPUMEHSAETCs BO MHOTUX 00J1acTAX, HAYMHAs OT
HCCNIeI0BaHUI B sAepHOM (u3KKe (e YACTHLbI MCIIBITHIBAIOT CJ1yYaliHble CTOJTKHOBEHHA)
M 3aKaH4YMBasi UCCJIENOBaHUeM onepauuit (raoe moau npubbIBAIOT, HAPUMED, B a3POIOPT
4epe3 cIyyaiiHble IPOMEXYTKH BPEMEHH).

b) Bwibopounsi memod. Yacro 6biBaeT HEBO3MOXHO HCCIEJOBATb BCE BAPMAHTHI, HO
cayudaiiHas BHIOOpKa 00ecrneyuBaeT NMOHMMAHKUE TOTO, YTO MOXKHO HAa3BaTb “THIMYHBIM”
IIOBEeJEHHUEM.

¢) Yucaennniii anaaua. s pelmieHus CIOXKHBIX 331a4 YMCIEHHOrO aHaIu3a OblLia pa3-
paboTaHa OCTPOYMHAs TEXHMKA, MCIONb3yIouaa ciydaiHsie yucia. O6 3TOM HamucaHo
HECKOJIBKO KHHT.

d) Komnvromepnoe npozpammuposanue. CiyyaitHble BeJTHYHUHBI ABJISIOTCS XOPOLMMM
HCTOYHHKOM JAHHBIX JJIA TECTUPOBAHHA 3((PEKTHBHOCTH KOMNBIOTEPHBIX aJrOPHTMOB.



Boiee BaXKHO TO, YTO OHHM MIPAIOT PEILAIOUIYIO POJIb [IPU HCIOML30BAHUU PAHIOMUIUPO-
6AHNBIT AA20PUMMO8, KOTOpbIE YaCTO HAMHOIO MPEBOCXOAAT CBOUX AETEPMUHUPOBAH-
HbIX JBOUHMKOB. B 3TOl cepuM KHHUI HAcC, B NEPBYIO O4Yepedb, MHTEPECYeT HMEHHO
TaKOe NPUMEHEHHE CAyYalHBIX YUCEeN. DTUM OODBACHSETCH TO, YTO CJHy4alHble YHCIIA
PacCMaTpUBAIOTCA y2Ke 3[eCh, B IVIaBe 3, IpexJe 4YeM NOABUTCA GONbIIMHCTBO APYTHX
KOMIIBIOTEPHBIX ATOPHTMOB.

e) ITpunamue pewenuti. [OBOPAT, YTO MHOrMe aAMHHMCTPATODHI MPUHMMAIOT pelle-
Hu#A, 6pocasi MOHeTy, UrPaJIbHYI0 KOCTb MO0 KAKUM-HUOYIb APYTHMM MOJOOHBIM CIIOCO-
6om. CrleTHHYAIOT, YTO HEKOTOPbIe Npodeccopa B KOUIEAXKAX CTABAT OLEHKH, UCIONb-
3yA TOT e MeToA. VIHOrga BasKHO NPUHATH MOJHOCTHIO “OecrnpucTpacTHOe” pelleHue.
Ciy4aifHOCTD ABJIAETCH TAKKe BAXKHOM YaCThIO ONTUMAJBHBIX CTPATErHi B TEOPHU MAT-
PHUYHBIX HLD.

f) Scmemuxa. Hebonbiuas 106aBKa cy4afHOCTH OXKHUBJISAET MY3bIKYy H KOMIOBIOTEPHYIO
rpacduky. Hanpumep, pucynox

DDDDDDDD B OIIpEnEeJIEHHOM CMBICJIE DDDDDDDD
DDDDDDDD BBIIVIAOUT NpUBJIEKATEJIbHEE, YEM DDDDDDDD
Loouoodd DOo00O000o

[Cm. D. E. Knuth, Bull. Amer. Math. Soc. 1 (1979), 369.]

g) Passaevenus. MHOrMe CYMTAIOT, YTO OHM 3aMedaTesbLHO NMPOBOIAT BpeMs, Gpocas
UrpajibHble KOCTH, Tacysl KOJIOAY KapT, Bpaiias KoJleco PyJeTKH u T. . Takue Tpaauuu-
OHHBIE CIIOCOOBI UCIIONB30BAHUS CIYYAHHBIX YUCE MONYYHIH Ha3BaHue memod Mowme-
Kapao. 9to obuiee HazBaHue BCEX AJITOPUTMOB, MCIIOIb3YIOLIMX CIy4aiHble YUCIIA.

Te >xe, KTO MHTEPECYIOTCS ITOH TEMOM, MOCTOSSHHO BOBJIEKAIOTCA B (uiiocodckue
JUCKYCCHUM O 3HAa4YeHHWHW CJIOBa “ciry4aiinblit”. Bossukaer Bompoc “A 4TO fABNseTCA He
cayyaitabiv yncsiom?”. Hanpumep, 6yaer sm yucio 2 ciy4aitabiM? OxoTHee rOBOPSAT O
n0cAed06aMeAbHOCTNU HE3ABUCUMBLT CAYNATIHHT “uces C 33JAHHBIM pacnpedesenuem, U
3TO O3HAYAET, ECJIM FOBOPUTH HE CTPOro, YTO KAXKI0€ YHCJIO ObLIO MOJIyYeHo Cily4aiiHo, He
“Mes HU4ero obuiero ¢ ApyruMu 4UCIaMH B NOCJIEJOBATENIbHOCTH, U YTO KaXKJOe YHUCIIO
HMeeT 33JIaHAYI0 BEPOATHOCTD NOABJIEHUs B 1000 3a1aHHOM 00acTH 3HAUEHUH.

Paernomepnvim pacnpedesenuem Ha KOHewHOM MHodcecee ywuces (B JajbHelmeM —
IPOCTO PAGHOMEPHbLM Pacnpedesenuem) HA3bIBAETCH TAKOE pacnpe/eieHue, MPU KOTOPOM
J11000€e M3 BO3MOKHbBIX YHCEJI MMEET OJMHAKOBYIO BEPOATHOCTL NosiBeHust. Eciu He 3a1a-
HO OIpeJieIeHHOE paclipeliejieHie Ha KOHEYHOM MHOXECTBE YHCell, TO MPUHATO CYUTATh
€r0 PaBHOMEPHBIM.

Kaxnas u3 pecsatu uudp or 0 go 9 Gyaer nosBaATbHCA NpUMepHO oauH pa3 u3 10 B
PaBHOMEPHO# MOCJIeJ0BATEbHOCTH ciyyaiinbix uudp. Kax ol mape aByx mnocienosa-
TeJIbHBIX UM@P CleayeT NOABATbCA OAUH pa3 u3 ¢Ta U T. 4. OJHAKO eCii B3ATh KOHKDET-
HYIO CIIy4afiHy10 OC/IeI0BATeTbHOCTD JJIMHOM B MHJIIHOH MdP, TO OHA He Bcerga Oyner
cozepxatb 100 000 myneit, 100 000 equnuy u T. 1. JdefcTBUTENbHO, BO3MOXHOCTD NOSAB-
JIEHUs TAKOH MOC/IeI0BaTEIbHOCTH HE3HAYUTEIbHA; HA CAMOM Jiefie, eCJIM PaCCMaTPHBATh
JIOCTATOYHO GOBIIYI0 COBOKYITHOCTh TAKHX nocaedoéamenvrocmeti, TO B CpeHeM Oynaet
nosBaaTreesa 100 000 nyneit, 100 000 egunuy u T. I,

JIro6ast KOHKpeTHas NOCJIEeN0BATENLHOCTD, COIEPXKAIasd MUJIIMOH 1udp, TaK XKe Be-
posiTHA, KakK u-100as napyrasi. Ecin Mbl BbibepeM MHIIHOH uudp Hayaady M eC/iM OKa-



Kercs, 4To nepsble 999 999 u3 HUX — HYJIM, TO BEPOATHOCTb TOTO, YTO NOCIeAHAA uudpa
B 9TOH MOCTIENOBATENbHOCTH — TaKJKe HYJIb, BCE elle OCTAHETCA TOYHO PAaBHOH OJHOM’
JleCATOH B HMCTMHHO CiydaiiHOM cuTyauuu. ITO yTBepxKAeHHe OOJbIIMHCTBY KaXKeTCs
11apaJoKCaJbHbIM, OJHAKO OHO HE NMPOTHBOPEYHUT PEATbHOCTH.

Cyl1ecTByeT HeCKOJIbKO NMPUJIMYHBIX BO3MOXKHOCTEH JaTh abCTPAaKTHOE ONpeaesieHHe
CIy4aitHOCTH, ¥ Mbl BEDHEMCS K 3TOH MHTEPECHO# TeMe B pa3zesie 3.5; MOKa 4YTO JOCTa-
TOYHO UHTYUTHUBHOI'O NIOHUMAHHsS JAHHON KOHIIEMIMH.

B TeyeHne MHOruUX JIeT Te, KOMYy ClydailHble YMcjIa ObLIM HEOOXOLMMBI ISl Ha-
y4HO# paboThl, BBIHYKAEHBI ObUIM TACKATh LIApbl U3 YPHBI, NPEJBAPUTEIBHO XODPOLIO
niepeMelnIaB HX, Ju60 6pocaTh UrpajibHbIE KOCTH, JHOO packiaaapiBaTh KapThl. Tabmuua,
comepxxainasn 6osee 40 000 B3sATHIX HAayJady U3 OTYETOB O IEPENUCH CIy4aiHbIX D,
Gbina onybnukosana B 1927 roxy JI. X. K. Tunnerrom (L. H. C. Tippett).

C Tex nop BbLIM MOCTPOEHBI MEXAHUUECKHE FeHepaTOpbl CydaiiHbix uncen. Ileppas
Takas MaluHa Obu1a Mcnosb3oBaHa B 1939 romy M. 2K. Kengpammom (M. G. Kendall)
n B. Babunrron-Cmurom (B. Babington-Smith) ais nocrpoenusi tabmuupl, comepxa-
meit 100 000 cnyyaiineix uudp. Komnbiorep Ferranti Mark I, BnepBble 3anmyiieHHbI
B 1951 roxy, mMen BCTPOEHHYIO NPOrPAMMY, HCIOJB3YIOLLYI0 DE3HUCTOPHBIN TeHepaTop
myMa, KoTopas nocrasisia 20 ciay4aiHbix 6UTOB Ha CyMMaTop. 9TOT MeTox Obli npes-
noxed A. M. Teropunrom (A. M. Turing). B 1955 rony RAND Corporation omy6.u-
KOBaJIa WIMPOKO HCMOJIb3yeMble TabJINLUbl, B KOTOPBIX COAEPXKAJICA MUJIIMOH CIIydalHbIX
1P, MOy YEHHBIX C TOMOLIBIO JPYTHX ClELHAIbHbIX yCTPOicTB. V3BecTHbIil reHepaTop
cnyyaitaeix yucen ERNIE npuMensicsi Ha NpOTsSXKeHMH MHOTHMX JIeT ISl ONpejeeHus
BBINTPBINIHEIX HOMepoB 6puTaHckoi sotepen. [Cm. cratbi Kendall and Babington-Smith
J. Royal Stat. Soc. A101 (1938), 147-166; B6 (1939), 51-61, a Tak>ke JUCKYCCHIO
S. H. Lavington’s ¢ Mark I 8 CACM 21 (1978), 4-12; o6o3penue B Math. Comp. 10
(1956), 39-43; nuckyccuio 06 ERNIE W. E. Thomson, J. Royal Stat. Soc. A122 (1959),
301-333.]

Kopoue rosops, nocjie #3006peTcHiA KOMIbIOTEPOB HAYaJIUCh HCCneloraHus 3 dek-
THUBHOTO croco0a NONy4YeHHst CIIyYadHbIX YMCEN, BCTPOEHHBIX TPOrPAMMHO B KOMIIbIOTe-
pbl. MOXHO ObIIO MPUMEHATH TabJaKMUBI, HO MOJb3bl OT ITOrO METOAA ObLIO Majo H3-
33 OrPaHMYEHHON MAMATH KOMIbIOTEpa U TpebyeMOro BpeMeHH BBOAA, IO3TOMY Tabiu-
bl MOIVIM OBbITh JIMLIb CJIMIIKOM KOPOTKHMHM; KPOME TOro, Obll0 He OCOOEHHO NMPUSTHO
COCTaBJATh TabJMMLBI M Noib30BaTbcsa uMH. Ileneparop ERNIE mor 6biTh BCTpoeH B
KoMIbioTep, Kak B Ferranti Mark I, Ho 3T0 0Ka3asi0ch HeyJOOHO, TOCKONBbKY HEBO3MOXKHO
TOYHO BOCIPOM3BECTH BbIYUC/IEHHS JaXKe Cpa3y 110 OKOHYaHHHK paboThl nporpammbl; Gosee
TOrO, TAKME€ [EHEepaTophbl YacTO AaBaiu cOou, uTO ObLIO KpaiiHe TPYAHO OOHAPYKHTb.
TexHosorn4eckut nporpecc Mo3BOJIKUI BEPHYTHCS K UCMOIb30BaHuI0 Tabaul B 90-e rozp!,
TaK KaK MUJUIMAPIbl TECTMPOBAHHBIX CIy4alHbIX 0aiiTOB MOXKHO ObLIO Pa3MECTUThL Ha
KoMnaxT-auckax. k. Mapcanbs (George Marsaglia) moMor 0>XMBUTb TaO/IM4HBI# METOZ
B 1995 roay, nmoArOTOBHB AEMOHCTpaUMOHHbIM auck ¢ 650 Mbair cayuyaiiHbx uucern,
[PY T€HEPUPOBAHHM KOTOPBIX 3aNKCh MyMa JUOMHON LeNnu COYeTasach C ONpeneeHHbIM
06pa3oM CKOMIOHOBaHHO#H My3bikoit B cruse “pan”. (On Ha3Ban 3To “GesnbIM M YepHBIM
uymom”.)

HecoBepieHCTBO NMEpBbIX MEXaHWYECKHX METOHOB BHadajle NMpoOyIHJIO MHTepec K
TNOJIYYEHUIO CJIy4YaMHBIX YMCEJ C MOMOIIbI0 OOBIYHBIX apUMETHUECKHUX OMepalyii, 3a710-
>KeHHbIX B KoMmbioTep. JIxoH ¢on Heiiman (John von Neumann) mnepsbIM NpeioxHIT



TaKoi nmouxos okoso 1946 roaa; ero uies 3ak/i04aach B TOM, YTOObI BO3BECTH B KBAIpaT
OpeAbIAyLIee CIyvaiiHOe YMCJIO U BBLACAMTH cpeanue uudpsl. Hanpumep, Mbpl xoTHM
nony4uts 10-3HaYHOE YMCIIO M NMpeAbIAYylIee YUCIO PaBHsIOCH 5772156649. Boseozum
€ro B KB3JApaT H MOJy4yaeMm

33317792380594909201,

3HAYUT, CaedyomuM yucioM byger 7923805949.

CoBepLUIEHHO OYEBHAHBI PETEH3HH, NpPEIbABJIAEMbIE K 3TOMY METOAY: KAK MOXKET
ObITH CITyyaifHOl 110C/IeI0BATEILHOCTD, FeHEPHPYEMas TAKUM 06pa30M, eciIn Kax10e YHC-
JIO TIOJIHOCTBIO onpegensiercs npeablayumm? (Cm. snurpad don Heitmana k sToit ria-
Be.) OTBeT COCTOMT B TOM, YTO 3Ta NOCJIEIOBATEJbHOCTb He ClydaiiHa, HO KadCemca
Takoil. B THHHMYHBIX NpUNOKEHUAX (PAKTHYECKH CYILIECTBYIOIAs CBSI3b MEX[IY ABYMsi
YKCIAMH, CTEAYIOWMME OfHO 32 APYTHMM, Ha CaMOM Jejie He MMeeT 3HAYeHHs; MOITOMY
HeJIb3fl yTBEPXKIATb, YTO HEC/y4aiiHblii XapaKTep MOCIeJOBATEJbHOCTH HeXKejlaTeseH.
VIHTYHTUBHO SICHO, YTO METOA CPeJMH KB3JAPaTOB AOJKEH ObITb JOCTATOYHO XODPOLIMM
nepeMeHIMBaHHEM M 3aMeHOi uudp npeblayIero Yucia.

B “3aymnoit” TexHM4YeCKOii uTepaType MOCjel0BaTeIbHOCTH, [FeHepHpyeMbIe JeTep-
MHHHUCTHYECKHM IyTEeM, TAKUM KaK 3TOT, HA3bIBAIOTCI NCEBJOCAYNATUHBMU WX K6a3U-
cayualinolmMu, OJHAKO B JAHHOH KHUIEe Mbl, B OCHOBHOM, IPOCTO OyJeM Ha3bIBaTh HX
C1y4aitHbIMM NOCI€A0BATEIbHOCTAMHU, NOHUMAsi, YTO OHH TOJIbKO KAXHCYMCA CIIydaiHbl-
mu. “Kaxxymascs ciy4daifHocTs” — 3TO, BO3MOXKHO, BCE, YTO TaK WJIM MHA4Ye MOXKeT ObITh
CKa3aHo o Jitoboit ciyyaiinoil nociesosarenbHocTH. CllydaiiHble YHCIa, TeHepUpyeMble
JeTePMHUHHUCTHYECKHMH METOJAMH Ha KOMIIbIOTEpe, MOYTH BCerga paboTaiu AOCTATOYHO
XOPOILO MPH YCJIOBHH, YTO MeToi Obli BbibpaH yaauHo. KOHEYHO, JeTepMHHUCTHUYE-
CKaf IMOoC/IeI0BATENbHOCTh He BCEraa NPUMEeHUMa; eio, 6e3yC/IOBHO, He ClleAyeT 3aMeHATh
ERNIE B gotepee.

Meropn cpeaun kBaaparoB ¢oH HeiiMana, kak GbLIO 1MOKa3aHO, (DaKTHMYECKH ABIIA-
eTCsl CPDAaBHUTENbHO OeIHbIM MCTOYHHKOM CIy4aiiHbIX 4ucea. OnacHOCTh COCTOHT B TOM,
YTO IOCJIEN0BATEIbHOCTh CTPEMUTCA BOHTH B MPHUBBIMHYIO KOJIEIO, T. €. KOPOTKHil LMK
ITOBTOPSIOWMXCH 371eMeHTOB. Hanpumep, Kaxkioe NMosiBjeHHe HyJas KaK 4HCIa MOCIed0-
BATEJbHOCTH NPHBEJET K TOMY, YTO BCE NOCICAYIOLUHE YHCJIa TaKKe OyLyT HyIAMH.

Hekoropble y4eHbie 3KCMEPUMEHTHPOBAIM C METOZOM CpeJuH KBaJpaToB B
Hayase 50-x romoB. Paboras ¢ 4eTbipex3HAYHBIMH YHCJIAMH BMECTO JEeCATH3HAYHBIX,
x. D. ®opcaiit (G. E. Forsythe) ucnbrtan 16 pa3inyHbIX HA4aJIbHBIX 3HAYEHHH M
0bHapyxuJ, YyTo 12 M3 HHUX MPHBOZAT K LMKJIHYECKHM IOCJIEJ0BATeIbHOCTAM, 3aKaH-
ypBaromumcst uukiaom 6100, 2100, 4100, 8100, 6100, ..., B TO BpeMsl Kaxk JBe H3 HHUX
NIPpUBOOAT K MMOCJIEAOBATEJIbHOCTAM, BbIPOXXKIAAIOLIHUMCsA B 0. Bosee uHTEeHCHBHBIE HcCCIe-
II0BaHWsl, IJIaBHBIM 00pa3oM B ABOMYHOI1 cucTeMe cunciennsi, nposes H. K. Merponomnuc
(N. C. Metropolis). On noka3aJi, 4TO eCJIH HCHOJIb30BaTb 20-pa3psaaHOe YHUCIO0, TO IOCHe-
JOBATENbHOCTDb CJYUYAUHBIX YHCEN, MOJy4YeHHasd METOJAOM CPeIMH KBaJpaToB, BHIPOXK A~
ercs B 13 pasjMyYHbIX LUKJIOB, MPHYEM JJIMHA caMoro 6osibLioro nepuoaa pasHa 142.

JIoCTaTOYHO JIErKO 3aMyCTUTh METOJ, CPEAMH KBAAPATOB C HOBBIM UCXOJHBIM 3HAYEHHU-
€M, ecjii OOHAPYKUTb YUCJIO0 “HYJb”, OAHAKO H30aBUTHCA OT JJIMHHBIX LUKJIOB JOBOJbLHO
TpyaHO. B ynp. 6 u 7 obcyx1aeTcsi HeCKONbKO HHTEPECHBIX BAPHAHTOB ONpPEJE/IeHUs LiH-
KJIOB [IEPHOJHYECKHX MOCJIeA0BATENLHOCTEH, UCTIONb3YIOWMX JOCTATOYHO MaJblil 06beM
naMsATH.



TeopeTHyecKkye HeJOCTATKH METOJA CpeuH KBaaApaTos npuseaenst B ynp. 9 u 10. C
JApYyro#l CTOPOHBI, UCNIOMNB3Ys 38-pa3psigHbe YMCIa, MeTpOIOIHC MOy YH HEBbIPOXK JeH-
HYIO I0CJIEJOBATENBHOCTD, CoAepKailyo okono 750 000 yuces (mpexae 4eM IPOU30IITIO0
BBIPOXK IeHHKE), U noay4denHbie 750 000 X 38 6UT yI0BIETBOPHTEILHO IIPOILLTH CTATUCTHYE-
CKuil TecT Ha cay4aitHocTs. [Symp. on Monte Carlo Methods (Wiley, 1956), 29-36.] Stu
OMBITHI MOKA3AJIH, YTO METOJ, CPEIUH KB3JAPATOB MOXMCEM IABATH yIOBJIETBOPUTENbHBIE
pe3yJbTIaThl, HO €My ONACHO JOBEPSTh, IOKA HE BBINOJHEHbI THIATEIbHble BEIYUCICHUS.

Korzna aBrop paboTan Hax nepBbIM H3JaHHEM 3TOH KHUIHM, MHOTHE reHepaTOphl CJIy-
YaliHbIX 4YKces (B JUTEPATyPe Ha PYCCKOM s3bIKe NapalljiejibHO yrnoTpebJisieTcsi TepMUH
“maTyMK caydaiHbeIx yucen’. — [Ipum. ped.), KOTOpBIE TOTJa HCIOJIb30BAJIHCH, ObLIH
HEeIOCTATOYHO XOopowH. IIporpaMMHCThI TPaIULIMOHHO HE MHTEPECOBAJINCH MHOPMALH-
eif 0 TaKuX IOANPOrpaMMmax; CTapble MeTOIbl, CPABHMTEJbHO HEYJOBJIETBOPUTE/bHbIE,
CJIENO NEPeXOIHUJIH OT OZHOTO NPOrPAMMMCTA K IPYrOMY, NOCKOJBKY IOJb30BaTeIH HE
MOHMMAJM OTPaHMYEHUM, IIPH KOTOPBIX MOXKHO NPHUMEHSITb 3T MeTonsl. Mbl yBHIUM
371eCh, YTO HanboJiee BaXKHbIE CBEAEHUs O F€HePATOPAaX €JIy4YaiHbIX YHCes HETPYIHO U3y~
YUTb, HECMOTPA Ha TO YTO HEOOXOAMMO OBITH OCTOPOXKHBIM, YTOOBI N30€KATh OOBIYHBIX
JIOBYLIIEK.

Tak Hejlerko NMPHAYMaTbh NMOHATHBIA BCEM M KaKAOMY JATYHK CilydaiHbIx qwuce!
B srom aBrop ybOeamsics B 1959 roay, Koraa OH NONBITAJICA CO34aTh (PAHTACTHUECKH
XOPOILIUiT reHepaTop CJIyYalHbIX YHCEN, HCIONb3Ys CIeAYIOMH HeOObIYHBIH MOAXO,.

Asnropurm K (Cynepzenepamop caywatnwz wucea). Ilycrs 3amano 10-3HauHOe necs-
THYHOE 4YHUCJIO X M 3TOT AJrOPUTM HCHONb3yeT 3aMeHy X JADYTMM 4MCJIOM TaK, 4TOObI
NOIY4YNTh CIYHaifHyIO 110C/Ieq0BaTeIbHOCTh. HecMOTpst Ha TO YTO OT aJrOPHTMAa MOXKHO
O’KHJATh Ha BBIXOJE BCELEJIO CIIYYaliHyI0 MOCIeJ0BATEIbHOCTD, COOOPaXkeHHs, IpUBEIEH-
Hble HUKE, MIOKA3bIBAIOT, YTO STO, K COXKAJIEHUIO, He Beerga Tak. (Yurarens He obs3aH
U3y4aTh JAHHBIA aJTOPUTM BO BCEX JETAJIAX, HO PEKOMEHIYeTcst OOpaTHTh BHUMAHHE Ha
€ro CJI0KHOCTb; OTMETHM, B 4acTHOCTH, warx K1 n K2.)

K1. [Boibpatb uucno urepauuit.] IIpucsouts ¥V + |X/10°] manboabumy:o 3Hadamyio
mwudpy X. (Mbr Brimonuum marn K2-K13 toyno Y + 1 pa3, T. e. mpuMeHUM
PaHIOMU3UPOBAHHbBIE IPEOBPA30BAHUS CAYHATHOE YUCIO Pas3.)

K2. [Boibpats ciyyaitubrit mar.] Ilpuconts Z + | X/108] mod 10 creayromyso Hau-
Gosburyio 3uavawyo uuppy X. Ilepexogum x mary K(3 + Z), T. e. K cayvatino
BbIODAHHOMY LIAry B MPOTPaMMe.)

K3. [OGecneuuts > 5 x 10°.] Ecu X < 5000000000, npucsouts X « X +5000000000.

K4. [Cpenuna xsagpara.] 3amennts X unciaom [X2/10%| mod 1019, 1. e. cepenunoit
KkBagpara X.

K5. [YMuoxuts.] 3amennts X unciom (1001001001 X) mod 101°.

K6. [[IceBnonononnenre.] Ecin X < 100000000, To nmpucsouts X X + 9814055677;
unaye npucsouts X 1010 — X,

KY7. [IlepecraButs nonosutbl.] [ToMeHATs MECTAMH NATHh MJAJIINX IO NOPAIKY 3HAKOB
X O CTAapIIMMH IO NOPAAKY NMATHIO 3HaKaMu, T. e. npucsouth X + 10°(X mod
10%) + | X/10°|; 310 TO K€ caMoe, 4TO B3ATb AECATb cpeannx mudp uucia (1010 +
1)X.

K8. [Ymuoxurs.] Boinonnuts mwar K5.



Tabnuuya 1

KOJIOCCAJIBHOE COBIIAJEHHE: AJITOPUTM K
IIPEOBPA3OBAJI YUCJIO 6065038420 CAMO B CEB4I

IJar X (mocue) lar X (moce)
K1 6065038420 K9 1107855700
K10 1107755701
K3 6065038420
K4 6910360760 K11 1107755701
K12 1226919902 Y =3

K5 8031120760 K5 0048821902

e e
K7 7757998628

K8 9631707688

K8 2384626628
K9 8520606577

K9 1273515517
K10 8520506578

K10 1273415518
K11 8520506578

K11 1273415518
K12 0323372207 Y=6

K12 5870802097 Y =2
K6 9676627793

K11 5870802097
K7 2779396766

K12 3172562687 Y=1
K8 4942162766

K4 1540029446
K9 3831051655

K5 7015475446
K10 3830951656

K6 2984524554
K11 3830951656

K7 2455429845
K12 1905867781 Y=5

K8 2730274845
K12 3319967479 Y =4 ;

K9 1620163734
Ké 6680032521

K10 1620063735
K7 3252166800
K8 9218966800 K11 1620063735

K12 6065038420 Y=0

K9.

K10.

K11.

Ki2.

K13.

[YMenbnTh undper.] YMEHbIIMTL KAXKAYIO He PABHYIO HYNIO LUPY ACATUYHOrO
NpeJCcTaByieHus Yucia X Ha €IUHULY.

[Monuduumposars na 99999.) Eciu X < 10%, mpucsouts X + X2 + 99999; unave
npucsouth X + X — 99999.

[Hopmuposars.] (Ha srom mare X ne Moxer 6bITb paBubiM Hymo.) Ecmu X < 10,
npucBouTh X + 10X ¥ NoBTOPHUTH 3TOT ILAT.

[Moaudukauus merona cpeaun ksagparos.] 3amennts X na [ X (X —1)/10%] mod
10'°, 1. e. cpensumu 10 uudppamu yncna X (X - 1).

(MToBTopuTs?] Ecin Y > 0, ymeHbwnTs Y Ha 1 u Bo3BpaTuThea K wary K2. Ecu
Y = 0, anropur™m 3aBepuied. 3HayeHue yucyia X, MOMy4YeHHOE Ha HMpedbLaylIeM
wiare, u 6yzer »xenaembiM “ciyyaBiHbiv” 3HaueHueM. |

(IIporpaMma, peanusyiowasi 3TOT aJIropuT™, obemana ObITh HACTONBKO CJIOXKHOH, 4TO
TOT, KTO mpoyes 6bl ee pacrmedyarky, 6€3 TOJIKOBbIX KOMMEHTapueB He cMmor 6wl B Heit
pa3obparbcs.)

IMocne paccmorperus Bcex npeobpa3osanutt anropurMa K He KaxkeTcst 11 nmpaBaomno-
JOBHBIM, YTO MOXKHO ObL10 Ob1 OOecreunTs 6eCKOHeYHOE CHAab KeHHe HEBEPOATHO ClIydail-
ueivu yucnamu? Her! Ha camom gene, korga aTOT aqropuT™ Brepsble ObLI peau30BaH
HA KOMIBIOTEpPE, OH MOYTH HeMeHJIeHHO coulenica K 10-sHauHoMy umciay 6065038420,



KOTOpO€e MO HEBEPOSITHOMY COBNAJEHHIO NpeoOpPa30BaJIoCh CaMO B Ce0A IO aJrOPUTMY
(rabn. 1). C gpyruM CTAPTOBBIM YUCIIOM MOCJIEN0BATEIbHOCTh HAYAJIa IOBTOPATHCS [OCTIE
7401 3Ha4YeHUs C MEPHOIOM IJuHOM 3178.

Mopasb 3TO#f HCTOPHH B TOM, YTO CJay4YaiiHble YHCJIA He CIeAyeT IeHepHPOBATb
MeToAoM, BbIOpaHHBIM Hayaady. He Mewasno 6bl UCIIONB30BATH HEMHOIO TEOPHH.

B creayromux pazzenax OyayT pacCMOTPEHBbI F€HEPATOPBI ClIyYallHbIX 4dHces bosee
BBICOKOTO YPOBHSI, 4Y€M MeToJ cpeiuH KBaapaToB u anroputm K. CoorBercTByrommue
MOCJI€JOBATEIbHOCTH FAPAHTHPOBAHHO 00JIaAI0T XKEJAEMbIMH CIIy4aifHbIMU CBOHCTBAMH
U He BBIPOXKAAIOTCSA. MBI HcciieyeM HEKOTOpbIe MPHYMUHBI TAKOTO, OXOXKEro Ha CIydaii-
HOe, NOBEJEHHUs, a TaK>XKe IMOKAXKeM, KAK MOXKHO 0OpallaThCs €O CAyYaiHbIME YHUCJIAMH.
Hanpumep, oqHo 13 Hauux Hccyieno0Banuii 6yAeT MOCBALIEHO IPOrpaMMe, KOTOpasi TacyeT
CMOJEIMPOBAHHYIO Ha KOMIIBIOTEPE KOJIOAY KapT.

B pasnene 3.6 npuBOOATCA UTOrM K 3TOMH IJIaBe U CONEPXKATCS HEKOTOpble Hubino-
rpaduyeckue HCTOYHUKH.

YNPAXKHEHUSA
» 1. [20] IlpeamonoxuM, Bbl XOTHTE MOIYy4YHTh CAydaiiHyo gecatmdnyio uudpy. Kaxoit u3
CIeAyIOMMUX MEeTONOB BHI Bhibepere?

a) OTxpoere TesepOHHBIA CIPABOYHUK, TKHYB MaJbLEM KyJa-HHOyZAb, BbIOepeTe MepBblil o-
nasumumiics HoMep TesedoHa M Bo3bMeTe Muammyn nudpy (yubpy maadwezo paspada)
3TOro HOMepa.

b) IMocrynure, xak B (a), Ho Brifepere Miaauryo UUbpPY HOMEPA CIMPAHUYDL.

c) ITokaTuTe UrpanBHYIO KOCTH B POPME HKOCA3,IPa, UMEIOILYIO ABAALATD FPaHeii, KOTOpBIE HO0-

mevensl nudpamu 0,0,1,1,...,9,9. Korma KocTh 0CTaHOBUTCsI, BhiGepeTe BEPXHIOI HDDY.
(dsa xaTaHMs UrPATbHON KOCTH PEKOMEHIyeTCs HUCIIOIB30BATh CTOJI ¢ XOPOLIO HATSHYTHIM
CYKHOM. )

d) Ha oasy MuHyTy BbICTaBHTE cYerduk lefirepa y MCTOYHUKA PAJAMOAKTHBHOIO M3IIy4eHHS
(mpenpapuTensHO 0Ge30macuB cebsi) M BOCIIONB3yeTeCh MaAuIel UQPPO MOKa3aHuit CIeT-
ynka. IIpeamonaraercsa, yro Ha cderuymke [efirepa NpeiCcTaBIeHbl YHCIA B JECATHYHOM
cucreMe CYUCJIeHHA U BHA4YaJie Ha HEM 6bIJ'[ YCTAHOBJIEH HYJIb.

e) Bpocure GuICTphI B3rs1 HA CBOM Yachl M, €C/TM CEKYH/IHAS CTPEJIKa HaXOoUTCs Mexay 6n
u 6(n + 1) cexynzamu, Bribepere nudpy n.

f) ITonpocure npusTens 3axyMars n06yi0 uubpy U BOCIOIbL3YETECH €I0.

g) Ionpocure Bpara 3anymars m06yi0 ubpy U BOCIIONB3YETECH €10.

h) Ilpeanosoxure, yto 10 sowaneit yyacTByOT B 3abere U BaM 0 HUX abCOJIIOTHO HUYEro He
uspecTHO. IIpHCBOMTE KaX 10/ /101U B IPOM3BOJIbHOM Hopsiake Homep ot 0 10 9, a nocie
3abera BbibepeTe B KauyecTBe CIydaitHON uudpsl HOMep nobeaurens.

2. [M22] KakoBa BeposTHOCTb TOrO, 4TO B CTy4aifHON MOC/TEOBATEILHOCTH U3 MHJLIMOHA

JIeCITUYHBIX UUGP KaxKas BO3MOxHas uudpa Bcrpedaercs posso 100 000 pas?

3. [10] Kaxoe uncio ciexyer 3a 1010101010 B MeToze CpeauH KBaapaTos?

4. [20] (a) Iouemy Ha mare K11 anmropurma K 3nauenne X He MoxeT GbIThb PaBHO HYJIO?
Kakas ommbka Bo3HMKIa 6bI B aaropuT™e, eciu 661 X MOT MPHHMMATDL 3HadeHue “Hysib”? (b)
Hcnone3ys Tabi. 1, yCTAHOBUTE, YTO IMPOMCXOAHT, Koraa anroputMm K nmpumenseTcs IOBTOPHO
co cTapToBbIM 3HayeHueM X = 3830951656.

5. [15] O6mbsacuure, noueMy B T06OM CIydae, Ia)e €CIM COBIAIeHUe, IPUBEIeHHOoe B Tabu. 1,
He npoun3ono, aaroput™ K He cMoxkeT BbIAATH GECKOHEYHYIO IIOC/IE€A0BATEIbHOCTD CJIy YaiHbIX
YHCeJ B TOM CMBICJIE, UTO J106asi OCIeA0BATENbHOCTD, TeHepupyeMas ajaropurMoM K, craner B
KOHIIe KOHLIOB NEPHOIUYHOM.



> 6. [M21] Ilpemmonoxum, 94T0 HEOOXOAUMO HOIYHUTH MOCIEA0BATEHHOCTD LIEJIBIX CTyYalHbIX
uncen Xo, X1, Xo, ... #a unreppase 0 < X, < m. Ilycrs f(z) — mobas bynknusa, takas,

uro HepasencTso 0 < x < m Baeder 0 < f(z) < m. PaccmorpuM mocienoBaTenbHOCTh Xng1 =
f(Xn). (Tlpumepst Takux 1moc/ieA0BaTENBHOCTEH — METOJ CPEAMH KBaJApaTosB U aaroputm K.)

a) I'onaxm're, YTO Takas II0CJIeA0BATE/NIbHOCTh NEPHOAWYHA B TOM CMbIC/IE, YTO CYWIECTBYIOT
4HUCIa A U M, AJIA KOTOPLIX 3HAYEHUA

Xo, X1, ..., X#, coy Xpuga-1

pa3nuyHbl, 0qHako X,41x = Xp, korga n > u. Onpenenure BO3MOXKHBIE MAaKCHMAJIbHOE U
MHHHUMAJIbHOE 3HAYEHNS (L U A.

b) (P. ®aoix (R. W. Floyd).) ITokaxure, uro cymectsyer takoe n > 0, uto X = X2n n
HayMeHblllee TaKOe 3HaYeHHe T JIEXKUT B MHTepBase 4 < n < u + A. Bonee Toro, 3nayenue
Xn ABJIAETCS €MHCTBEHHBIM B TOM CMBbICTE, 4TO eyl Xpn = Xon U X7 = Xor, 70 X, = Xpn.

¢) Ucnons3ys uneu (b), cocTaBbTe ajirOPUTM BBIYMCIEHHS f U A Ay mo6oii 3a1aHHOl yHK-
un f u Jiro6oro 3amanHoro Xo, UCnonb3ys Tonbko O(p+A) MIaroB U TONBKO OrPaHUYEHHbIH
06beM maMsTH.

» 7. [M21] (P.IL Bpeur (R. P. Brent), 1977.) ITlycrs £(n) — nHauGosblee neioe YHCIO, TAKOE,
aro £(n) < n, €(n) = 2%, rae k — uenoe umcno. Tak, Hanpumep, £(15) = 8 u £(f(n)) = £(n).

a) Ilokaxure, 9T0 B TepMmunax obosnauenuii ynp. 6 cymecrsyer Takoe n > 0, uro X, =
X¢(n)—1- Haitnure dopmysy Ansi HauMeHbLIEr0 TAKOTO N B TEPMUHAX HYHCEN [ M A, OIpe-
JeJIIOIUX IePUOJ.

b) IlpumenuTe 3TOT pPe3yJbTAT AJA COCTABJIEHMSA AICOPMTMA, KOTOPBI MOXKET GBITh MCIIOJb-
30BaH COBMECTHO C JIOGBIM [€HEPATOPOM CTydYafHbIX 4ucesa Tena Xn4+1 = f(Xn), 4T06bI
MpeJOTBPATUTDh UMKINYECKYIO HEONIPEAEeIEHHOCTh. BameMy ajiropuTmy Cieayer BIMHCIATD
nepuon OJIMHONX A M HCIOJBb30BaTh TOJIBKO HEGONIbLIOH 06beM NMaMATH — BBl NPOCTO He
JOMKHBI 32IIOJIHATH BCIO [aMsATb BHIYHCJIEHHBIMH 3HAYEHUIMH NI0CIEe40BATEIbHOCTH!

8. [23] BeinonHuTe MOMHYIO NPOBEPKY METOAA CPEAMH KBAAPATOB IJIs Cly4as, KOTA3 AECs-
THYHbIE YHUCJIa COCTOAT U3 ABYX LHUMD.

a) Mosxere HauaTh mpomecc ¢ joboro u3 100 momycrumeix uucen 00,01,...,99. Ckosnbko
M3 3THX 3Ha4YeHHHl B KOHEYHOM CYeTe NPUBEAYT K MOBTOPEHMIO LMKJA (32lIMKJIMBAHHUIO)
00,00, ...? [Tpumep. Hauunas c uucia 43, mosy4um nocienoBaTensHocTs 43, 84, 05, 02,
00, 00, 00, ... ]

b) Ckosbko cymectByer punanbubix nukaos? Kaxos pasMep caMoro AJMHHOTO IUKIa?

" ¢) Kakoe HayanbHOe 3HaveHue (MM 3HaYEHMs) JACT HAuOOJIblIee YUCJIO PA3JIMYHBIX JJIEMEH-
TOB, IIpeXae YeM IIO0C/IeEa0BATETbHOCTh HOBTOpHTéﬂ?

9. [M14] Hoxkaxwure, 4TO METOJ CPEIMH KBAJPATOB, UCIOMb3YIOMMA 27-3HAYHBIE YUCTA B
b-n4uHOM cHcTeMe CUHC/IeHUs], UMeeT CJIeAYIOIHe HEAOCTATKH: eC/H IOCIeI0BATEIbHOCTD BKJIIO-
4aer 1060e HUCI0, B KOTOPOM 7 CTAPIIMX 3HA4YamuX Ludp — HYyJH, TO MOCTIeAYIONHe IHUCTa
CTAHOBSITCSL BCE MEHbUIE U MEHbIIE, [T0Ka He NPEeBPATATCA B HYJIH.

10. [M16] Tlycrb BBIMONHAIOTCA MPEATONOXEHUS NPEIbIAYLIEro ynpaxKHeHus. YUTo MOXHO
CKa3aTb O IIOCJIEOBATENLHOCTH YHCeJ, Cleaylomux 3a X, e MAadwye 3Havyamme n uudp
qucna X pasuel Hymo? YTo ecyu n + 1 Miaaqmux 3Ha4aumx uudp paBHBI HYJTIO?

» 11. [M26] PaccMoTpuM moCienOBaTeNbHOCTH FeHEPaTOPOB CIydYallHBIX HHCeJI, MMEIUX BUL,
onucaHHuA B ynp. 6. Eciu snibpats f(z) u Xo Haynady (ApyraMu ClIOBaMM, eC/IM IIPEATIONO-
JKHTb, YTO Kaxaas U3 m™ BO3MOKHBIX GyHKIMHA f(T) PABHOBEPOATHA M KAXKJI0€ U3 M BO3MOX-
HBIX 3Ha4eHHMI X¢ pPaBHOBEDOATHO), TO KAaKOBa BEPOSTHOCTBL TOrO, YTO IOC/IEAOBATE/NILHOCTH B

KOHEYHOM CYeTe BBIPOAUTCA B IMKJ AauHON \ = 17 {3ameuanue. Ilpeanonoxenus 3Toit 337341
AI0T TIOBOJ, 33AyMATHCA 0 “CIIyYaifHOCTH” IeHEepaTOPOB CIIYYalHbIX YMCEsI TAKOro THIA. MoxHo



0XKMJaTh, YTO MeTOH, NoA00HbIi anropuTMy K, oTyacTH Beger ceba Tak e, Kak paCCMOTPEHHbIN
3/1eCb TEHEPATOp; OTBET Ha 3TY 3a]a4y JaeT KOJIOCCAILHOe YMCJI0 COBNaneHui B Tabu. 1.]

» 12, [M31] Kaxkosa cpeausis qiuHa HUHAILHOTO LMKJIA, €CJIM BBIIONHSAIOTCS NPEAIOI0KEHNT
npeabiaymero ynpaxsHenus? KakoBa cpeaHss JIMHA I[10CJIEJOBATETbHOCTH IO BXOX/ICHHA B
upka? (B o6o3nauennsx ynp. 6 He06XOAMMO ONPENESUTh CPEAHHE 3HAYEHUSA A U [ + A.)

13. [M42] Ecan f(z) soibpana Hayzady, kak B ynp. 11, kakosa cpeaHss JJIHHA CAMOTO JAUNHO-
20 LWIKJIA, TI0JIy YeHHOTO MyTeM BapbUPOBaHUA HavalbHOro 3HaveHus Xo? [3amevanue. Mer yxe
PacCMOTpeIM AHAJIOTHYHY 10 PobieMy JUIs C1ydast, Koraa f(T) — 3T0 cIydaiiHbie epecTaHoBKH;
cM. ymp. 1.3.3-23.]

14. [M38] Ecau f(z) BniGpano Haynady, kak B ynp. 11, KakoBo cpeiHee 4MCJIO Pa3IMYHBIX
(UHATBHBIX LMKJIOB, TIIOJyYeHHBIX B pe3yJbTaTe BapbUPOBAHMS HAYAJbHBIX 3Ha4eHHMit?
[Cm. ynp. 8, (b).]

15. [M15] Ecmn f(z) Boibpano Hayaawy, kak u B ynp. 11, yemy paBHa BEpPOSTHOCTb, YTO HH
oauH n3 GUHAIBHBIX HUKJIOB HE UMeeT AJIMHY, PaBHYIO 1, HeB3upas Ha BbiGop Xo?

16. [15] IlocnemoBaresbHOCTD, reHepUpyeMasi, Kak B ynp. 6, I0/KHa NOBTOPATHCS 110CJIE TOrO,
Kak Ob1710 creHeprupoBaHO He Gosiee m 3Havenmit. TIpeanonoxuM, 4To Mbr 06061IM METO TAKHM
06pa3oM, 4To X, 41 6yaer 3aBucerb OT Xp—1 Tak e, Kak OT X,; popManbHo nycts f(T,y) —
rakast pyHkuns, aus koropoit 0 < z,y < m Baeyer Hepasenctsa 0 < f(z,y)< m. Ilocnenosa-
TeJIbHOCTh CTPOMTCS TaK: CHavaJia MPOM3BOJILHO BHIOUpaoT Xo 1 X, a 3aTeM MO/IaraioT, 4To

Xn+1 = f(Xn, Xn-1), rae n > 0.

quy MPEATIONIOKUTESIBHO PaBEeH MaKCHMMaJIbHBIN nepuoa B 3TOM c.nyqae?

17. [10] OGobwuTe CUTYauMIO M3 NPEAbIAYUIEr0 YNPaXHEHUs TaK, 4T00bl X4 33BHCEIO OT
npeapLAyIuX k 3HaYeHuIt MOC/Ie10BATEIbHOCTH.

18. [M20] IlpnaymaiiTe MeTOA, aHAJIOTHYHBI METOAY M3 ynp. 7, [AJs ONpeJesieHHs LMKJIa
reHepaTopa CJIy4aifHbIX 4Y¥CeJI, OMMCAHHOro B ynp. 17, B obuem Buae.

19. (M48] Bumoanure ynp. 11, ucnons3ys ynp. 15, B 6onee obmenm ciryyae, Koraa Xn 41 3aBUCAT
oT k mpeaBlaymHMX 3HAYEHM NOC/TENOBATEBHOCTH; Kaxcaas u3 mm* dymkumit f(zi,...,Tk)
CYNTAETCA PAaBHOBEPOATHON. [3amevanue. IuCN0 GYyHKUMA, KOTOPBIE JAIOT MANCUMAADHDIL
nepuos, anaiu3upyercs B ynp. 2.3.4.2-23.]

20. [30] Haiaure Bce HeoTpuuaTenbhble yucna X < 10'°, KOTOpbIE NPH MCIOJb30BAHUHU &JIT0-
purma K B KOHEYHOM cyere MPUBOAAT K CAMOBOCIHPOM3BOAAILMMCA YHCIaM u3 Taba. 1.

21. [42] Hokaxure miu onposepruuTe creayomee yrsepxaenne: orobpaxenne X — f(X),
onpenenexHHoe aaropurMoM K, umeer poBHo nsTh uukI0B AnuHoi 3178, 1606, 1024, 943 u 1.
22. [21] (T. Pomnermex (H. Rolletschek).) Xopoma s uzaes renepupoBaHust CIIy4aifHbIX YHCET
¢ nomoupio nociaenosareassoctu f(0), f(1), f(2), ..., rae f — cayqalinas GyHKuuMs, BMECTO
TOrO, YTO6H HCNIONTB30BATh Zo, f(Zo), f(f(Zo)) M T A.7
» 23. [M26] (AO. ®oara (D. Foata) u A. ®yuc (A. Fuchs), 1970.) IToxaxwure, 4To Kaxxaas us m™
dbyukumit f(z), pacCMOTPEHHRIX B yIIp. 6, MoxeT GhITh IpeJCTaB/IeHa KaK N0C/Ie0BATENbHOCTD
(z0,z1,...,Zm-1), EMeOLIAs TaKHe CBONCTBA.
i) (zo,Z1,...,Zm-1) — 370 nepecranosku nocaeaosarensuoctu (£(0), f(1),..., f(m = 1)).
ii) (£(0),..., f(m — 1)) Moxer 6bTh eAMHCTBEHHHIM 06pa30M BOCCTAHOBJIEHA M3 I10C/IEJ0BA-
TENbHOCTH (To, T1,. ..y Tm—1).
iii) DJileMeHTHI, KOTODEIE NOABSIOTCS B UMKJIAaX M3 f, UMeIOT BUA {Zo,Z1,...,Tk—1}, TAC k —
caMblif GOJIBIION MHIEKC, TAKOW, YTO 3TH k 3/1EMEHTOB Pa3/INYHbI.
iv) z; ¢ {zo,z1,...,2j-1} Breder zj—1 = f(z;), eciu T; He ABIAETCA HAUMEHDILIUM JTEMEHTOM
B LuKJe u3 f.



v) (£(0), f(1),..., f(m—1)) — s1o nepecranoska nocnenoparenbuoctu (0,1, ...,m—1) Toraa
U TOJILKO TOTHA, KOrJa (Zo,Z1,...,Tm—1) IPEACTABIAeT CO00H 06pamHyro MepecTaHOBKY K
TOH IepecTaHOBKe, KOTOpas B pa3jese 1.3.3 Ha3BaHa HeOOBIYHBIM COOTBETCTBUEM.

vi) £o = 1 TOrzAa M TOJbKO TOrAa, KOoraa (Zi,. .., Tm—1) NpeICTaBiseT cOG0 OpHEHTHPOBAHHOE
ZepeBo, 1mocTpoenHoe B ynp. 2.3.4.4-18, ¢ f(z) nopoxzamomum z.



