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35.2-1. Iloxamure, ITO 1 OTPEIKOB MOTYT HMCTL O(n®) Touex mepe: -

35.2-2. JaHDl IBA HEICPECEKAIOMIMXCA OTPE3Ka ¢ u b, ¢paBHMMbIX 0T
Hcnmoas3ya BCKTOPHOC NPOM3BCICHHE, ONpPelefnTe 32 BPCMA a1,

COOTHOIIEHHE ¢ >, b.

35.2-3. Ilpodeccop mpegiarae’ U3MEHATH TPOIPAMMY ANY-SEGNE”
TaK: HARDL TCPEceKANMMEecT OTPE3KH. ATCOPHTM HE KOHYAeT pac:

waeT BHOOIHATE 1l for. lloTvyauBmmmucs airopuTa npodeccop Hio -
INTERSECTING-SEGMENTS ® VIBep¥JaeT, UT0 TAKOM AJITODHTM E-
[CpeceTenua OTPE3KOB MHOMECTBA B HOPAJKE BO3DACTAHHA X abCLir
a0 HpodgeCcop ABAM bl HENPAB! BO-TEPBbIX. AJArOPUTM MOXKET HAL-
OTPE3KM: BO-BTOPLIX. MePBAL RalleIATAHHAA UM TOUKa MOKET He Obls

TOUKOH IEepeceTen .

35.2-4. llocTpoiiTe atropuTs. xOTOPBH 3a Bpema O{nlog ny onpels -
JaHHAA BaMKHYTAS /-3BeHHaA JOMAHad caMolepeceienns.

35.2-5. M3BCCTHO, 9TO ABA HECAMOIEDeCCKAIMHEC A JOMAHBIe UMCH)
nmn. HoerpoliTe airoprTs, kortopeit 3a spema O(nlogn) oupez-
IOTCA AU OHH JAPYT ¢ APYTOM.

35.2-6. Jagp 7 KPYyTUoOB, 33 AHALIX CBOMMU HEeHTPAMH M DAIUYCAMIT. I
aa Bpemsa Of{nlogn). ecrs In CPeAM HHUX JBa HICPECCKAKOIIAXCT (1

06mIy10 TOYKY)?

35.2-7. [as mabopa #3 M OTPEsKOB MMeeTcs Kk TOUCK Hepecen
O(tn + k)logn) mauTu Bce TOHUKH HepeceTeHusL.

35.2-8. Kak MOAMPHUAPIOBATL ACOPUTM ANY-SEGMENT-INTFRSEC |
BHABHO *paboTan 118 10G0ro HaDOpa OTPE3KOB (B TOM ‘IBCIE 1
HEKOTODBEX TOUKAX MOKCT HEPeCCKATBCA (0ICe ABVYX OTPE3KOB.

IlocTpoenne BHILYKJIOH 0G0I0TKA

Brmyxaon o6onoukoi (convex hull) KoHEHOrO MHOKCCTBA To'tL
HAMMCHBIIHE BHITYKIbIA MHOCOYTOILHUK, COQCPKANTMHE BCE TOUK
M3 TOUMCK MOTYT OBITh BHYTPH MHOIOYTOJALHWKA, HEKOTODBIC — H-
HCKOTOpDIE GVIvT eTo BeplmHami). Bemyiiyio o60J0MKy MHOME: ~
obonratats CH(Q). Hariamo MOKHO NPeICTABLATE Cehe Te10 Tak
THI TBOBIM, HA KOTOPHE HATAHVTA PE3WHKA, OXBATLIBAIOIAA HX ¥
U HVICT BLITYKIOR 00OIOTKOW MHOXKCCTBA reos el (puc.35.6).
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Puc. 35.6, Brmvkaas oGoaouxa CH{Q)) muomecTpa @ {cepbiil MHOTOYTOJALHAK).

B zammoM pazzeae mbl paccuMOTpHM IBA AITOPHTMA OTHICKAHMA BLILYKJIOH 060-
JOYKH AMHOKCCTBA W3 71 TOHUCK: DE3VILTATOM HMX paboThl OVACT CHHUCOK BEDIIHH
BHUYKION 000IOYMKH (B DOpaike 00X04a ITPOTUB 4acoBOl ¢Tpeixn). ITepBLlil n3 ad-
ropuTMOB (11pocatoTp I'paxena) Tpedver spenenn Ofnlogn). Bropon (mpoxoa dxap-
BUCA) BLIIOJHACTCA 3a Bpema O(nft). 01e ) — 9UCJA0 BEPIIUH BHINVKION 060J0YKA.
Kax noackassisaer pue. 35.6. xamias sepuuna muorovroasruka CH(Q) apasercs
ofHOU M3 Touek MHOxecTBa Q. Taxmi obpaszoM. 114 oreickanung (H{Q) arropurM
AOLAEH PElIMTh. KAKME BOPIUHHLI U3 () OCTABUTB, & Kakme — 0TOPOCHTE.

O6a pacearaTpuUBARMELY HAMEM AITOpHTMa (mpocmoTp ['paxenma w mpoxon xap-
BMCA) UCHOILIVIOT MCTOJ «BDALIAIOUIETOCs Jvias (rotational sweep): poibupaercs
HOJIAPHAS CHCTCMBI KOODIWHAT, U TOUKH OOPASATBIBAIOTCA B IOPHLIKE BO3PACTAHHA
TOAAPHEIX YIIOB (KAK BO Bpalraomenca pagape). Ho cymlecTByOT B Apyrue MeToIb!
ITOMCKA BBIIVEION 050a04kH 3a Bpexrs O(nlogn): BOT HOKOTOPBIC BO3MOKHOCTH.

Metox zobamraenus Tokex [incremental method) pacenaTpHBacT ToUKH cIeBa
HANPABO. PACTIOTAIAL MX B NOCICIOBATEILHOCTE (P1, P2, ... . Pn) B TOPAIKe BO3PACTa-
Husg abcmuce. Ha i-m mare ctpources seinviIas oboaouka CH(py.ps.. ... p;) mepseix
{ TOFER (K ViKe WIBeCTHOH 0D0I0MKC NePBHX { — 1 TOYek I00ABIAETCA TOUKA P;).
DTY HISH MOKHO LPEBPATHTL B AICOPHTM. HAXOIAMIMHA BHIIVKAVIO 0BOICUKY 3a
ppema O{rlog i) (vop. 35.3-6).

Metos «pasgensit m mracteyi» {divide-and-conquer method) 3a Bpeva O(n)
JEMUT MHOKCCTBO U3 71t TOMEK BEDTUKATHHOH IPAMON HA ABA IIPUMEPHO DPABHBLIX
II0AMHOXKCCTBA. 3aTeM PEKYPCHBHO MHIET BLIIVKIVIO 0060I0YKY KaxI000 O3 HHX, 4
3aTeM o0BeIMHAST IBe BTH 0Ooa0uxu 3a ppema O(n).

MeToa crpmxku B momcka (prune-and-search method) mamomumaeT atropmTM
HNOMCKA MCIMAHBL B VIIOPAIOUCHHOM MHOKCCTBC 32 JnHenHoe Bpems {pasgea 10.3). Oxn
HAXOIUT «BEPNHIOO HeIOMKY» BBINVKION GOOI0YMKHE. TOBTOPHO OTOPACKIBAA HEKOTODPYID
(PMKCHPOBAHHYIO JOJI0 BePIIMH. [IOKA HE OCTAHYTCA TOJALKO BEeDIUMHBI U3 BePXHEH
HeIoYEd. AHATOCHYHBIM 06Da30M UIMETCA HUAHAA Henodka. ACHMITOTHYECKH dTOT
METO -~ CAMBIH OBICTPBIH M3 WMIBCCTHBIX: CCIM BHINVKIAS 000JOYKA CONepARUT h
pepmuH. 7o Tpebyercs mpema O(nlogh).

Breriucresmne BHIVKION 0O0I0MKM BA#HO HE TOIBKO caMo [0 cefe. HO H KAK
IPOMEXKYTOYHbIM dTal [4d MHOTHX 3a1ad BLITACAMTeTHHOH recaeTpuu. IPaceMoT-
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PHAL. HANPUMCD. IBVMEPHVIO 3314y 0 Hambogee YyIAIEHHBIX TOYKAX

})1‘0})1(‘111)1 JAaHO MHEOEAECTBO M3 /¢ TOYeK Ha ILIOCKOCTH! HVAHO Bbl'f)pa'[b -

MATLHO VIAICHHBIX TpVE 0T IPVTA ToueK. NMokHO I0KazaTs. TO 5TH .
BOPLIMHANH BLITVEION 00010 ke (¥vOP. 35.3-3)1 118 BBIIYKIONO N-yTOIL:
HalTy TRC BARGO.ICC v.IIGHHLIC BepmmABL 33 Bpenma O{n) {uged: s
MEKAY IBVAA MApalicibiBRil OPEMBIME M Bpamaes). len cambiM
aBe Haubodee viAaIHHBe cpean o Todek 3a spesa Oilogn).

TipocmoTp I'paxema

IpocaroTp I'paxeda oemoasiveT CTeK S. B KOTOpPOM XPAHATCA TOTH:

eCq] KaEIUIATAME B BBLUIVEIVIO U('l().II()‘IK_V. Ka)KJ‘&H TOMIKA UCXOJHOTO ME- -

HCKOTOPBIH MOMCHT HOMCHIAETCH B CTEK; CCIH OHA He ABTATCA BEPILHE
oboaonxkn CH(Q). To vepes nekoTopoe BpeMa TOTKAa OyleT yIaICHA
eCAl ABARETCA ~— TO OCTAHOTCH. B MOMEHT OKOHUAHAA PabOThl adropuT:.
HAXOTATCH B TOUHOCTH BCC BUpUIMHLL BRITVKION obotoukn CH(Q) B mo; -
OPOTHE TACOBON CTPETKI,

Hexorbnm tannuag 118 GRAHAM-SCAN SBIAETCA MHOKECTBO (J =
qem Tpix) Tovck. [pouesvpa nenoaesyeT PYHKLAD Tor[S). KoTOpas
TOUKY. HAXOAANIVIOCA & BCPIMMAC CTeKa S {HE MEMAL COJEPEKUMOro -
e Qgyvprmmo NEXT-To-Top(S). koropat BosBpallaeT CAEYIOITHI
SICMELT CTeKa. TRIGKD He MeHsHd COIcpaEMOro. Mbl AOKaKeM. IT0 T
paboThl B cToKe (0T THA K BepIMHe) HAYT KaK a3 BepIIaHbl CH((
06xX0Ja OPOTHB YaCOBOU CTPLIRH].

GRATIAM-SCAN({Z)

1 0yeTh pu - TOURA W MUOKeCTBA () ¢ HAMMCHBIMEH OPAMHATO:
{eCAM TAKOBHIX HECKOJLKO — CAMad Jenad )

2 myerh {propme. ... Pry — - OCTAIBHBIE TOYKA MHOKCCTBA (),
OTCOPTUPOBAHLBIE B MOPAJIKE BOBPACTAHMA IOLAPHOT
VLI (DpOTHER TACOBOH (TPEIKH) OTHOCHTEIBHO TO9:
Feim 007h BeCKOIBKO TOWEK ¢ OJMHAKOBBIM MOMIPRED
VUIOML TO GCTABIAEM TOIRKO CaMyKs VAAIEHHYIO OT

3 doplS] 0
4 PusH{S. po)
5 PUSH(S.p1)
6 PuUsH{S. )
7 for i< 3 ton
8 do while npn IBMKCHHE MO TOMAHOH
NrxtT-To-Topr(S) — Tor(5) — p;
ML IBUPAEGMCHA OPAMO WIH HAIIDABO
9 do Poris)
10 Pusi{S. p)

11 return &
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Ha pucvake 35.7 HOKA3AHBL LIE GLIIWIHEHES A1MOPUTMA GRAHAM-SCAN. B
eTpoke | MbL HAXOIMM TOUKY Jgi BOC OCTAILHBIC TOUKA MHOKECTEA () maxogaTes
BLITE He6 (MIM HA OIHOM VPOBIC. HO LPaBee). B NOTOMY OHAa 3aBeJoMO BXOJWT B
CH(Q). B cTpore 2 ocTaBumecs TOUKH MHOKECTRA (@ YOOPAIOUYUBAIOTCA IO IIO-
AAPHOMY VIV OTHOCHTEIBHO TOUKH py. INiJ0€ CDABHEHNE MOAKHO BHINOIHMTE 334
spena (1) ¢ TOMOLIBIO HPOM3BCICHHKIT (vop. 36.1-2): u3 TO4YeK ¢ OJMHAKOBBIM YIIOM
OCTABTCA CaMad JATbHAA {OCTAIBHLE 3aBeI10M0 HE NPHHALICKAT BBIIVEION OOOJI0T-
ke). TToJAAPHBIC ¥IIBL TOTEK MHOKCCTBA () 3ax0AATCA B IpeJeaax NPOMekyTKa [0, 7).
SaMeTHM. TTO TOYKH Py U [ ABIAWTCS BCDITHHAMUA CH(Q) {vynop.35.3-1).

Jaren (crpoku 3-6) MLl TOMCUIAC: B CTCK TPH HCpBBIe TOYKH po.pi. p2. TOCIE
Gero MOMKEN VTBEPKIATL. 4TO CTCK COICPAHUT BBILYVKIVIO 000I0IKY  MHOKECTBA
PP pr upu A =2, 9TO CBOLCTBO OVieT NOLICPAUBATHCA U B JATLHEHIIEM, a
f OyieT pAacTH. TMOKA He CTAHCT DABHLM 7. ps IBwmeHHH OT JHa CTeKa K Cro
BePIIMHE Mbl BCE BPEMA TOBOPATUBACM Ui 1B, [Mocae 106ABICHUA OYMCPEIHON TOYKU
B CTOK BTO CBOMCTBO MOKCT HADYIHTBCH. TOITOMY MBI IPEIBAPUTEIEHC VIAIACM
HECKOABLKO BCPXHMX BEPIIHH CTCKA.

Teopema 35.2 (aaropur™m I'poxema npasuie). Hocae ucnoarents npouedypst GRA-
HAM-SCAN dax MHodcecmaa mouens (. codi DuCQuie20 no MERBULET MEpe MPU MOUKL,
6 cmewe S COEPHCHIMCA GRNYRANSE GI0A0NEG MHOXCECING () {6 nopadre obroda
NPOTUE UACOBOT CTHPEIRU ).

Aowas v abemeo. To-BACTOALIEAN  ¢Tpoloe  JOKa3aTeTIbCTBC BBIXOIUT 34 PAMKI
KHAIH (CTPOroe OnpeIedeHue BHVTPEHROCTH MHOCOYTOTBHIKA  — VIKE HETPOCTAd 5a-

Jatal, MODTOMY Mbl JHIIE VKaZKeM 1B HADIIHO OTCBHAHBIX dbakTa, KOTOPHEE Ta-
PAHTHPYIOT UPABIIBHOCTL AJITOPHTMAL GHM IIOKA3AHBL HA puc. 35.8 u 35.9.

MokakeM  Telepn, HT0  BPeMa  prloThl  alr OpUTMa GRAHAM-SCAN  eCTh
Ofinlogn). rae n = |, CopTuposki VEIAJIBIBACTCH B 3TH [DAHAIEL ecan K-
[MOALAOBATE COPTHPOBKY CIMAHMEM WM ¢ [IOMOMIBIO  Ky'd. OcTaapHaa JacTh
aTropuTMa Tpedyer speMern O, DTO He cpasy OMEeBM.IHO, MOCKOJIbKY OdYepeiHad
prepanus nuk1a for. nosuso WHABICHI OIHOK HOBOH TOWKH. MOAKET NOTPeboBaThb
VALICHUA HCCKOILKAX (H, BORMUHHO. MHOTHX) CTapbIX.

TeM T3¢ MO, METOAbl AMOPTHIAIHOHIONG aHATH3A [O3BOIAIT JICTKO I0KA3ATD,
10 GBIee THOAO IeHCTBHIA ¢oTL (M n). 13 camon gede, qJwbag ToUKAa p; 00aBIACTCA
B TR S TOILKO OIMH PA3. A HOTOMY B YIATAETCA He DOJce OIHOTO pasd, Tenm
caMuIM OBIee BPEMA W HA 100aBfcHBC. W HA VIAICHHC €CTh O(n). (Amagorminoe
PACCYIKACHIC Mbl HCTOTB3OBAIM B a3 Iele {%.1 mpy aHaJIM3e NpOLelypbl MULTIPOP.)

Hpoxox [Ixapsuca

Mpoxog JKapBuca BLUACTIOT BBHIVEIVIO 000IOMKY MHOKECTBA TOUCK ¢ upu
moMouin «apopaumBanum {package wrapping, gift wrapping). AdroputM Tpedyer
ppestenn (J(nh), mae B - eao sepnu pouvEIon ofoaouxd. [ooTomy g1a 3a1a1, B
KOTOPBIX #t coTh oflog ). mpoxod Imnpuiea aCuMITOTHICCKH OLICTPeE TIPOCMOTPA
I'paxema.
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Puc. 35.7.  Pabora npoueaypnr GRAHAM-SCAN 111 MuoxecTna () (puc. 35.6). Jna xaxioro us
HIATOB TCRYINEE COTePHMMOe CTewka N rnoxasaHo cepbin. (a] Towxw {pr.ps.....puw)
\lT('()DTM}?OB&HLI oo ll().’lii[)!i()f\iy ¥Iay OTHOCHTETLHO phy. B CTEKE — NepBEIe TPH TOYKH (p(j.pl.})Q).
0 a) Crex S mocae omepegwon urepaime unkia for (erpoku 7-10). TIVEKTHDHEIMEH IHHAAMH
NMOKAZAHB! TOROPOTHL. KOTOPbI® He ABIAITCA JICBLIMM, B 3TOM CIVHac BCPIIMHA VIJIa TOBOPOTA
vaazaercn ud cTexa. Hanpmuep. wa drane {3) m3 cTeka cHadala yIATAETCA TOUKA Py (MPABBIH I10-
BOPOT PTpspy ). A 3ATCM TOMKA Py (HPABLIF HOBGPOT Peprps). (M) Peayaprar paSoTel arropurma —
BLIMY K1ad 000.T0MKA - - COROAJAeT ¢ IPUBeI8HROR Ha puc. 35.6

Po P

Puc. 335.8. Eean Touku p.

SRV PE MAVT B OLODAIKE BOJIPACTAHHA NOJAPHBIX VIVIOB (OTHOCH-
TEILHO TOMKM Jp). KOTOPbiC MOHANTCA B MpoMexyTke oT [(,7), n Upu ABMMKEHHH
O JCMAROM Papl . PEP, MBI B KaAAGH BePIIHHe NOBOPAYUBAEM HAJEBO. TO BHEIIVEIOH 0O0JOUKON
TOUEK Po. ... Pea Py OVACT MHOIOVTOABHHK. BCPHIMHAMM KOTOPOro OVAVT BCee OTH TOYKH, a
TPRAHHLCH — IOMAHAA PoPi - - Papiipn-





